Kilohertz magnetic field focusing in a pair of metallic periodic-ladder structures Here, we show, analytically and numerically, that in a pair of metallic periodic-ladder structures placed with a central gap, the normally incident magnetic field is focused on a spot of 3 mm (0.6 Â 10 À5 free space wavelength) full width at half maximum at a 1 mm distance away at 600 kHz. The ladder structures are designed by exploiting the curl of the induced current at each unit cell in the periodic structure. This investigation paves the way for kilohertz magnetic field manipulations. Subwavelength focusing of electromagnetic fields is a key technique, used in both optical and microwave regimes, that has been extensively studied to overcome the diffraction limit in a variety of applications. Such applications include superlens, 1 double-slit silver lens, 2 no-hole silver lens, 3 silver-coated Fresnel zone plates, 4,5 aperiodic gold nanowire arrays, 6 subwavelength spaced slot arrays, 7 dielectric gratings, 8 superoscillation, 9 and time-reversal focusing, 10, 11 to name a few. Pioneering work on near field focusing schemes based on radiationless interface was presented in Ref. 12 , where an appropriately specified field distribution was set on a source to generate a subwavelength focal spot some distance away. The near field plate was designed in Ref. 13 and was experimentally demonstrated in the microwave regime.
14 A corrugated surface structure was also implemented in Ref. 15 . In the case of deep subwavelength focusing with substantial energy decay, evanescent fields were amplified by surface polaritons in Ref. 16 . The near field focusing scheme was further extended to the optical regime in Refs. 17 and 18 using a nanocircuit concept. 19 No investigation pertaining to the manipulation of kilohertz-band magnetic fields in air has been reported.
In this letter, the focusing scheme based on radiationless interface is extended to magnetic field spatial manipulation in the kilohertz regime. In prior studies for optical and microwave regimes, incident electromagnetic fields were assumed to be parallel to the focusing plates, and the plates were designed by surface impedances (i.e., the ratio of the electric field to the induced current density). Here, a kilohertz band incident magnetic field is assumed to be normal to the focusing plate. The curl of the induced current density at each unit cell is shown to be an important design parameter. Subsequently, a focusing plate is implemented via a pair of metallic periodic-ladder structures.
An analytical model of the focusing plate is shown in Fig. 1(a) . This model is composed of fifteen unit cells positioned along the x axis at z ¼ 0, where the focal plane is located at z ¼ d. The incident magnetic fieldH in ðx; zÞ and the transmitted magnetic fieldH trans ðx; zÞ flow along the positive z direction. Zero magnetic field variation is assumed along the y axis. The design procedure starts by formulating the wave equation (1) such that the curl of the induced current density is located on the right hand side of the equation; this represents a point of departure from the mathematical treatment utilized in optical and microwave domains,
whereH is the magnetic field,J is the induced current density, and k is the wave number. The magnetic field is given by integrating the two dimensional Green's function multiplied by the curl of the induced current density,
where
Þ is the 0th order Hankel function of the 2nd kind. The boundary condition at z ¼ 0 satisfies the following equation:
Once a desired magnetic field distributionH trans ðx; z ¼ dÞ is set at the focal plane, theH trans ðx; z ¼ 0Þ is calculated using back-propagation. 13 Consequently, r ÂJðx 0 Þ is obtained. Inversely, in the present case, r ÂJðx 0 Þ is fixed in order to fit with eventual simulation results, and the magnetic field H trans ðx; z ¼ dÞ is obtained using Eq. (2), with the monochromatic incident fieldH trans ðx; z ¼ 0Þ ¼ H 0 e jxt . Now, the design parameter, K(x), is introduced via the Fredholm integral equation (4) 
Specifically, K(x) is the ratio of the magnetic field to the curl of the induced current density at z ¼ 0 which is a counterpart parameter of the surface impedance found in optical and microwave domains; note that this surface impedance, that is the ratio of the electric field to the induced current density in the case of microwave domains, needs to be imaginary in the design of passive devices. This is seen in the wave equation given by ðr 2 þ k 2 ÞẼ ¼ jxlJ, where x and l are the angular frequency and permeability. While in the kilohertz band, the K(x) distribution has real values in the design of such devices as indicated in the relationship of the magnetic field to the curl of the induced current in Eq. (1) . Figure 1(b) shows the configuration of a focusing device. It consists of a pair of metallic periodic-ladder structures positioned with a central gap in the x-y plane. The current distribution shown in Fig. 1(b) was obtained with an incident field of 1 A/m in the þz direction using a finite element method based simulation in COMSOL MULTIPHYSICS. 20 Observe that the clockwise currents induced in each ladder structure create a magnetic field, Àr 2H ¼ r ÂJ, that is opposite in direction to that of the incident magnetic field. Also, the current passing through the circumference of the ladder structure exhibits the largest amplitude due to the magnetic flux that passes through the entire structure.
The real part of the simulated current, J y , in the metallic strips from Fig. 1(b) is plotted in Fig. 2(a) , where the plot ranges from x ¼ À7.5a to þ7.5a using 16 data points. The current J y decreases with increasing x except for the crossing at x ¼ 0 (near the central gap) since clockwise currents are induced in the two ladder structures. Considering only J y with zero variation assumed along the y direction, r ÂJ is written as $@J y =@x. In this way, the variation of the current, J y , (crossed markers with solid line) within the unit cell length, a, is plotted over a range from x ¼ À7a to þ7a using 15 data points in Fig. 2(b) . Note that the r ÂJ distribution has a large peak at the center of the unit cell (i.e., x ¼ 0) with negative values elsewhere. This large center value in Fig.  2(b) is due to the jump in current at x ¼ 0 in Fig. 2(a) . Furthermore, the remaining off center negative values evident in Fig. 2(b) are an artifact of the current decreasing as a function of x in Fig. 2(a) . Additionally, the analytical r ÂJ distribution (circled markers with dashed line) is fitted to the simulation data (crossed markers with solid line), as shown in Fig. 2(b) . The imaginary parts of the current and magnetic 2011) fields are relatively small in comparison with the real parts, i.e., Im(J y )/Re(J y ) < 0.1 in Fig. 2(a) , and are not presented here due to space constraints. Figures 3(a) and 3(b) show the real part of the magnetic field intensity distributions at z ¼ 0 and 1 mm, respectively. The analytical magnetic field distribution at z ¼ 0 (circled markers with dashed line) is obtained by incorporating the r ÂJ distribution of Fig. 2(b) into Eq. (3), where each circled marker is located at the center of each unit cell, i.e., x ¼ (n-8)a for n ¼ 1 to 15. The field distribution has a central peak of 2.7 A/m due to a scaling factor of 2.7 that compensates for the field decay in the z direction. Using Eq. (2), a magnetic field with a 2.8 mm full width at half maximum (FWHM) at z ¼ 1 mm (dashed line) is calculated. Observe that the simulated magnetic field at z ¼ 0 (solid line) also exhibits a central peak. Field fluctuations are evident near the metallic strips at x $ (2m-17)a/2 6 w/2 for m ¼ 1 to 16. These fluctuations are due to a sharp turn in the current at the rungs of the periodic ladder structure which causes noticeable variations in the magnetic field lines, per the basic relation r ÂH ¼J. Regardless, the numerical and analytical results are in reasonable agreement for the z ¼ 0 magnetic field distribution at each sampling point. It is also worth noting that the central simulated magnetic field at z ¼ 0 is 2.3 times larger than the input magnetic field of 1 A/m. This enhancement is due to the variation of the different directional large currents within a one-unit cell length, where the large currents are induced by the magnetic flux for the entire ladder structure. This spatial redistribution of the magnetic field via the ladder structures can be envisioned to produce magnetic field focusing. The focusing device from Fig. 1(b) has a spot of 3 mm FWHM at z ¼ 1 mm (solid line), as shown in Fig. 3(b) . It must be emphasized that the magnetic field may indeed be focused on a spot of 0.6 Â 10 À5 k 0 FWHM by the focusing device having a device length of $4 Â 10 À5 k 0 , where k 0 is a free space wavelength of 500 m. A discrepancy is seen in the skirt curves of the z ¼ 1 mm magnetic field. The simulated magnetic field decreases from x ¼ 0 to jxj $ 5 mm, and then increases to the amplitude of the incidence, 1 A/m, jxj > 10.5 mm (outside of the device). This behavior is mainly due to the fact that the incident magnetic field is applied not only to the device area but also to the area outside of the device. In contrast, the analytical result displays only a central peak since the incident magnetic field is applied exclusively to the device area. For reference, when the device is doubled in length with 30 unit cells, 30a þ w ¼ 39.3 mm in the x direction, the minimum level in the magnetic field at z ¼ 1 mm decreases from 0.23 A/m at jxj $ 5 mm to 0.17 A/m at jxj $ 10 mm.
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From an energy flow perspective, both the Poynting vector,Ẽ ÂH Ã , and electric energy density, ð1=2Þe 0Ẽ ÁẼ Ã , are significantly smaller in magnitude than the magnetic energy density, ð1=2Þl 0H ÁH Ã . This is due to the kHz range device under consideration having jẼj much less than jHj at the focal plane. As a result, the ratio of the electric to magnetic energy densities is found numerically to be $10
À7
. Consequently, the energy flow at the focal plane is characterized primarily by the magnetic energy density, $ð1=2Þl 0 jH trans ðx; z ¼ 1 mmÞj 2 . In conclusion, a concept of kilohertz magnetic field focusing was theoretically proposed, and a spot of 3 mm FWHM was numerically demonstrated in a double periodicladder structure. This investigation paves the way for kilohertz magnetic field manipulations. Fig. 1(a) , and the circled markers represent fifteen sampling points at z ¼ 0. The solid lines represent the results of the COMSOL MULTIPHYSICS simulation, Fig. 1(b) .
